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Abstract 

We compute the number of orbit types for simply connected simple algebraic groups over 
algebraically closed fields as well as for compact simply connected simple Lie groups. We also 
compute the number of orbit types for the adjoint action of these groups on their Lie algebras. 
We also prove that the genus number of a connected reductive algebraic group coincides with the 
genus number of its semisimple part. 



> 1 Introduction 

OS 

^ Let G be a group acting on a set M. Let x G M and Gx denote the stabilizer of x in G. Two elements 
x,y G M are said to have the same orbit type if the orbits of x and y are G-isomorphic, which is 
^equivalent to saying Gx is conjugate to Gy in G. In the 1950s Mostow proved that for a compact 

^ Lie group acting on a compact manifold the number of orbit types is finite [M], which was initially 
I 'conjectured by Montgomery ([E], problem 45). The number of conjugacy classes of centralizers of 
-elements in a reductive algebraic group G over an algebraically closed field, with char G good, is finite 
([St], Corollary 1 of Theorem 2, Chapter 3). Semisimple conjugacy classes for finite groups of Lie 
j_j !type have been studied by Fleischmann and Carter (see [F],[C1]). K. Gongopadhyay and R. Kulkarni 

-^-'have computed the number of conjugacy classes of centralizers in /(H") (the group of isometrics of the 
hyperbolic n— space) [GK] . See [K] , where the author discusses a related notion of 2;— classes. Conjugacy 
classes of centralizers in anisotropic groups of type G2 over M, have been explicitly calculated by A. 
Singh in [S]. In this paper we compute the number of orbit types for the action of a compact simply 
connected simple Lie group on itself as well as for a simply connected simple algebraic group acting 
on its semisimple elements by conjugation. We also compute the number of orbit types of the adjoint 
action of G on its Lie algebra g. We mainly do this for all classical groups and for G2 and F4. Conjugacy 
classes of centralizers play an important role in the study of characters of finite group of Lie type (see 
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[F], [CI]). It seems natural that, an explicit knowledge of number of conjugacy classes of centralizers 
will be equally important. The remaining cases of exceptional groups will be handled in a sequel. 

2 Preliminaries 

The reader may refer to [H2] for basic results on algebraic groups and [BD] for the theory of compact 

connected Lie groups. 

Let G denote a compact simply connected Lie group or a simply connected algebraic group over 
an algebraically closed field and T C G be a maximal torus of G. Let W be the Weyl group of G 
with respect to T, i.e. W — Ng{T)/T, where Ng{T) denotes the normahzer of T in G. Conjugation 
induces an action of W on T. For x G T let Wjj denote the stabilizer of a; in for this action i.e. 
Wx = {(7 G W: gxg^^ = x}. The cardinality of the set : x & G,x semisimple}, where Zg{x) 

is the centralizer of x in G, is defined as the semisimple genus number of G. Since we shall deal with 
only semisimple elements, we call this number simply as the genus number of G. If G is not simply 
connected, then the cardinahty of the set {[^0(2;)°] : x e G,x semisimple}, Zg{x)° is the connected 
component of Zg{x) at the identity, is called the connected genus number of G. The following results 
are known: 

Proposition 2.1. ([B], Theorem 3.4) Let G be a simply connected compact Lie group and a G Aut{G). 
Then the set F of all fixed points of a in G is connected. In particular, if a is the inner conjugation by 
an element x E G, then the centralizer Zg{x) is connected. 

Proposition 2.2. ([HI], Theorem 2.11) If G be a simply connected algebraic group over an algebraically 
closed field, the centralizer of any semisimple element of G is connected. 

For a compact connected Lie group G with maximal torus T and Weyl group W, define the following 
subsets with respect to a reflection s eW : T^ is the the subset of T flxed by the action oi s eW and 
{T')° is the connected component at the identity of Let K{s) = {x^ G T\x G Ng{T), xT^seW} 
and a{s) = {T')° U K{s). Then we have. 

Proposition 2.3. ([DW], Theorem 8.2) Suppose that G is a compact connected Lie group with maximal 
torus T and Weyl group W. Then the centre of G is equal to the intersection Hs'^C*)' "^here s runs 
through the reflections in W. 

We have the following basic result: 

Theorem 2.1. For a simply connected compact Lie group G with maximal torus T and Weyl group W, 
there exists a bisection 

{[Zg{x)]: X eT} ^ {[W,]: X eT} 
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given by 

[Zg{x)] ^ [W^,] 

Here [Zg{x)] and [Wx] respectively denote the conjugacy class of the centralizer of x in G and the 
conjugacy class of the stabilizer of x inW. 

Proof. First we show that the map is well-defined. 

Let x,y such that = [Zciy)] i.e. there exists some g E G such that gZG{x)g^^ = Zciy)- 

Since T is a maximal torus in Zg{x) containing x, gTg^^ C Zciy) and also T C Zciy)- Hence there exists 
91 e Zciy) such that gigTg'^g^^ = T. Let g^g = h e G. Then [h] = hT e W and [h]W4h-^] = Wy 
since, for [/^i] G Wx we have 

{hhih~^)y{hh^^h''^) ={gighig'^g^^)y{gigh^^g'^g^^) 

= {9i{9hi9'^)9i^)y{9i{9h^^g'^)g^^) 

=y, 

since hi G Zg{x) and gZG{x)g^^ = Zciy)- Hence ghig^^ G Zciy)- Also, gi G Zciy)- Therefore 
[hhih^^] G Wy. Similarly we have the other inclusion. Thus the given map is well defined. 

Surjectivity of the map is clear from the definition. Hence we only need to check injectivity. 

Let x,y & T such that Wx is conjugate to Wy, i.e. for some [h] G W, [h]Wx[h'~^] = Wy, i.e. 
Whxh-^ = Wy, where h G Ng(T) is a representative of [h] G W. We denote hxh~^ G T by a. We 
intend to show that Zcia) = Zciy)- Clearly for any element x E T, Wx = Nzq{x)(T)/T. Therefore by 
Proposition 12.31 Z^Zg^o)) = flseVKa '^(■^) Zi^Zciy)) = flsew^y ^i.^)- Since Wa = Wy, we have 

Z{ZG{a)) = ZiZciy)) (*). 

Observe that for any x eT, Zg{x) is the union of all maximal tori of G containing x. So let Ti be any 
maximal torus in Zcia). Since y G Z{ZG{a)) by (*), y G Ti, which implies Ti C Zciy)- Similarly any 
maximal torus of Zciy) is contained in Zcia). Therefore Zciy) = Zcia) = Zcihxh^^) = hZG{x)h~^ . 
This shows that the map is injective. 

□ 

Next we prove an analogue of Theorem 12. II for simply connected algebraic groups over an algebraically 
closed field. But before that, we note the following results: 

Proposition 2.4. ([C2], Theorems 3.5.3 and 3.5.4) Let G be a connected reductive algebraic group, 
with maximal torus T, Weyl group W and root system then, for a semisimple element x E G, Zg{x)° 
is a reductive group and 

Zg{x)° =< T,Ua,oi{x) = 1 >, where a G $ and is the root subgroup corresponding to a. 
The root system of Zg{x)° is $i = {a G = 1}. 

The Weyl group of Zg{x)° is Wi =< Wa\a G $i >, where is the reflection at a. 
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Lemma 2.1. Let G be a simply connected algebraic group with maximal torus T and Weyl group W. 
If Wa be a reflection in W, such that G W^, where x E T and a G $, the root system of G, then 
a{x) = 1. 

Proof. Let (X(T), $, Y(T), $*) be the root datum for G. Since G is simply connected, 
X{T) = Hom{Z^* , Z) and Y{T) = Z$*. Therefore for a system of simple roots {ai} of G, there exists 
a basis of X(T) such that < Xi,a* >= Sij, a* being the coroot corresponding to aj ( see [SSt], 
Chapter 2, Section 2.) 

Now let Wa E W he a reflection such that, Wa G Wx, i.e. Wa{x) = x. There exists s E W such that 
s{a) is a simple root. Consider A e X{T) such that < \,s{a)* >= 1. Note that, 

Ws{a){s{x)) = SWaS~^{s{x)) = SWa{x) = s{x) (1). 

Applying A to equation (1) we get, 

\iWs(a){s{x))) = A(s(x)) 
^{Ws{a)>^)is{x)) = A(s(x)) 

^(A- < A,s(a)* > = A(s(x)) 

^X{s{x))s{a){s{x))-^ = X{s{x)) 
^s{a){s{x)) = 1 
^a{s~^{s{x)) = 1 
^a{x) = 1. 

□ 

Theorem 2.2. For simply connected algebraic group G over an algebraically closed field, with maximal 
torus T and Weyl group W, there exists a bisection 

{[Zg{x)]: X eT} ^ {[W^,]: X eT} 

given by 

[Zg{x)] ^ [W,] 

Here [Zg{x)] and [W^] respectively denote the conjugacy class of the centralizer of x in G and the 
conjugacy class of the stabilizer of x in W. 

Proof. The proof of well-definedness and surjectivity of the map is same as that in Theorem 12.11 We 
prove that this map is injective. 

Let x,y E T such that is conjugate to Wy, i.e. for some [h] G W, [h]Wx[h^^] = Wy, i.e. 
Whxh-^ = Wy, where h G Ng(T) is a representative of [h] G W. We denote hxh~^ G T by a. We intend 
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to show that Zda) = Zc^y). To achieve this, we first show that ZG{ci) and Zdy) have the same roots. 
Let $a and respectively denote the root systems of Zda) and Zc^y) with respect to the common 
maximal torus T. Since G is simply connected, by Proposition [221 both Zola) and Zdy) are connected. 
Hence by Proposition [231 we have, $a = {a e $|a(a) = 1} and (^y = {(3 e = 1}. 

Let a G $a- Hence Wa € Wa = Wy. Therefore by Lemma I^TTl = 1 which implies a G This 
shows that C ^y. Similarly the other inclusion. Hence $a = $y which implies Zg^o) = Zciy) by 
Proposition 12.41 □ 

Corollary 2.1. Let G he a compact simply connected Lie group (resp. a simply connected algebraic 
group over an algebraically closed field) , T G G a maximal torus. The genus number (resp. semisimple 
genus number) of G equals the number of orbit types of the action ofW{G,T) on T. 

Proof. By Theorem 12.11 and Theorem 12. 2[ the number of orbit types of elements belonging to a fixed 
maximal torus T is equal to the number of orbit types of elements from T in the Weyl group. Any 
(semisimple) element x G G is contained in some maximal torus of G. Let y G G be any other 
(semisimple) element and let T' be a maximal torus of G such that y G T'. Now T is conjugate to T', 
i.e. 3 g E G such that gTg~^ = T'. Therefore Zciy) is conjugate to Zg{x)^ where x = g~^yg G T. Hence 
each (semisimple) element of G is orbit equivalent to an element of T. The result now follows. □ 

Next we want to investigate connected groups which are not necessarily simply connected. It turns 
out that the connected genus number of a connected semisimple group is equal to the genus number of 
its simply connected cover, which we shall see (Theorem 2.3). We note the following two results, which 
are known: 

Proposition 2.5. ([BD], Chapter 4, Theorem 2.9) Let f;G-^Hbea surjective homomorphism of 
compact Lie groups. If T G G is a maximal torus, then f{T) G H is a maximal torus. Furthermore, 
ker{f) G T iff ker{f) G Z{G). In this case f induces an isomorphism of Weyl groups. 

A similar result holds for algebraic groups also, which we now quote ([H2], Chapter 9, Proposition 
B), 

Proposition 2.6. Let cf) : G ^ G' be an epimorphism of connected algebraic groups, with T and 
T' = 0(T) respective maximal tori. Then cj) induces a surjective map WG — WG', which is also 
injective in case Ker cf) lies in all Borel subgroups of G. Here, WG and WG' denote the Weyl groups of 
G and G' respectively. 

Let G be a compact connected semisimple Lie group or a connected semisimple algebraic group over 
an algebraically closed field. Let G be the simply connected cover of G with the covering map. 
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Then, for a maximal torus T C G, p{T) = T is a maximal torus in G. Since kerp is contained in all the 
maximal tori of G, p induces an isomorphism of WG and WG by the above cited propositions. 

Let (X(T), $, r(r), $*) be the root datum of G. Let V := {Y{T) ® M) and Y{T) ■= {v e V : a{v) e 
Z, Wa G $}. We associate a finite group C := F(T)/Z$* with the isogeny class of G. Then C is a 
finite abelian group. Let C'{G) := y(T)/Z$* C C. It can be shown that any subgroup of C is of the 
form C'{H), for some group H belonging to the isogeny class of G. (see [T], Section 1.5) 

We first make the following observation: 

Lemma 2.2. Let G be a compact connected semisimple Lie group or a connected semisimple algebraic 
group over an algebraically closed field K and G be its simply connected cover. Let p : G ^ G be the 
covering map. Assume that, char{K) does not divide the order of G{G). Then p{Zq{x)) = Zg{x)°, 
where x & T, a fixed maximal torus in G and x — p{x). 

Proof. For an algebraic group or a Lie group G, let us denote the corresponding Lie algebra by L(G). 
Since char{K) does not divide the order of G'{G), p is a separable morphism. Hence, the differential 
dp : L(G) — >■ L(G), is an isomorphism of Lie algebras. Since Zq{x) is connected, p{Zq{x)) C Zg{x)°. If 
we show that the dimensions are equal, we would be through. For this, we look at the corresponding 
Lie algebras. Now since Ad,j.v = v for all v G Ij{Zg{x)°), dpAd,j.dp~^v = Ad^v = v. Therefore, for 
every v G L{Zg{x)°), Ad^dp^^v = dp~^v. Hence dp~^{\j{ZG{xy)) C L(p(Z|g(5))). Since dp is an 
isomorphism, we have dim{L{ZG{x)°)) < dim{L{p{Z q{x)))) . Therefore dim{ZG{x)°) < dim{p{Z q{x))) . 
Hence the equality. 

□ 

Remcirk: Note that, the covering map p : SL2{K) — )■ PSL2{K), is not separable if char{K) = 2, 
since G'{PSL2{K)) — Z2. Hence in this case, dp is not an isomorphism. 

Theorem 2.3. Let G he a compact connected semisimple Lie group or a connected semisimple algebraic 
group over an algebraically closed field k. Let G be the simply connected cover of G with the covering 
map p. Fix a maximal torus T in G. Then the map, 

{[Z^{i)]:ief}^{[ZG{xr]:xeT} 

defined by, 

[z^{t)\ ^ [ZG{p{t)n 

is a bijection. Here T — p{T) <Z G is a maximal torus. 

Proof. If ^ G G, then we shall denote p{g) by g. 

We first show that the map is well-defined. So let, [Zg(t)] = [Zg(ti)] with G T. Therefore there 
exists g E G such that, = gZQ{ti)g~^ = Zg^gtig'^). Take a G ZG{t)°, where p(i) = t. Consider 
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any lift d e -^g(t) of a (such a lift exists by Lemma 2.2). Therefore, agtig ^d ^ = gtig ^. Applying p on 
both sides we get, agtig-^a'^ = ghg'^. Thus, Zcity C Zaighg-'^y . Similarly Zcighg-'^y C ^g(^)°- 
That the map is onto is clear from the definition. 

To prove that the map is injective, let ZcitiY = gZQ{t2)°g^^ = ZG{gt2g~^)° for some (? G G. If 
d e Z^(ti), the a = p{d) G ZcitiY = ZG{gt2g~^)° ■ Therefore, agt2g~^a~^ = gt2g~^- If we show that 
d e Zg(^t25'^) then we are through. So let oi be any lift of a in ZQ{gt2g^^)- Then, p{ddi~^) ~ 

1 ddi~^ e Kerp C Z{G). Therefore, ddi~^gt2g~^did~^ — gt2g~^ =^ dgt2g~^d~^ — gt2g''^- Hence, 
d e ZQ{gt2g~^), which shows that ZQ{ti) C ZQ{gt2g~^). Similarly the other inclusion follows. This 
completes the proof. □ 

Remark: It is important to note that if the group is not simply connected, then the number of classes 
of centralizers might be larger than the number of isotropy classes of the Weyl group. For example if we 
consider the group PSL2{K){ char{K) ^ 2), the number of isotropy subgroups in the Wcyl group 5*2 is 

2 but the number of conjugacy classes of centralizers is 3. However, by Theorem 2.3, the connected genus 
number of PSL2{K) is 2 which is equal to the genus number of its simply connected cover SL2{K). 

We have the following result on reductive algebraic groups: 

Theorem 2.4. Let G be a connected reductive algebraic group over an algebraically closed field. Let G' 
be the commmutator subgroup of G. Then the connected genus number of G is equal to the connected 
genus number of G' . 

Proof. Since G is reductive, we have G = G'.Z{G)°, where Z{G)° is the connected component of the 
centre of G. For any g e G, we shall write g = g'sg, with g' e G' and Sg e Z{G)°. Observe that for any 

g' e G' and s e Z{G)\ Zaig's) = Zaig') (*). 

Define a map: 

{[ZG(a;)°] : x semisimple} — )■ {[^^'(0;')°] : x' semisimple} 

by, [^0(3;)°] [Zg'{x')°], where x — x's^, x' e G' and G Z{G)°. We prove that this map is a 
bijection. 

To show that the above map is well defined, assume that Zq{x)° = Zcigyg^^Y , for some g E G. Then 
by (*), ZG'ix'y C Zaixy = ZaixY = Zaigyg-'T = Zaigy'g-^. Hence Zcix'T C Zdgy'g-'y. 
Similarly Zcigy'g'^ C Zg'{x')°, which shows that the above map is well defined. 

It is clear from the definition that the map is onto. 

We now prove the injectivity. So assume that, Zg/{x')° = ZG'{g'y'g'~^)° , for some g' G G'. Let 
a e Zg{x')°, where a = a'sa- Then a' G Zg{x') as Sa is central. Also note that Sa G Z{G)° C Zq{x')° . 
Therefore, a' — as'~^ G Zq{x')°. In particular, a' G Zg'{x'). 

We claim that a' G Zg'{x')°. If a' is unipotent, then a' G Zg'{x')°, since G' is a connected semisimple 
group(see [HI], Chapter 1, Section 12). So let a' be semisimple. Choose a maximal torus T G Zg{x')° 
such that a' G T. Let T = T'.Z{G)°, where T' is a maximal torus in G. Therefore, T' C Zg'{x')°. 
Write a' = aib with oi G T' and b G Z{G)°. Since both oi and b are in ^^'(0;')°, so is a' . Hence the 
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claim. Therefore, by assumption, a' e Zg'{x')° = Zc^g'y' g''^)° C Zcig'y' g'^^Y ■ Since e Z{G)°, 
a = a'tts e Za{g'y'g'~^)°. Thus we have shown that, Za{x')° C Za{g'y'g'~^)° ■ Similarly the other 
inclusion follows. Hence the map is injective. □ 

Remcirk: By Theorem 2.4, the genus number of GLn{k) is equal to the genus number of SLn{k). 
Disconnected centralizers 

In general, for a connected semisimple group we can derive a necessary and sufficient condition for 
connectedness of centralizers of seniisimple elements. Let G be a connected semisimple algebraic group, 
with the simply connected cover G and p : G — )■ G be the covering map. Let T C G be a fixed 
maximal torus. Consider t & T and let p'^it) — {ti, ii} C G. Then we have the following: 

Theorem 2.5. Fix a lift ti G G of t E T. Then Zc{t) is disconnected if and only if there exists g E G 
such that, gtig"^ — ti, for some i ^ 1. 

Proof. Let Z^t) be disconnected. Therefore, there exists g e Zc{t) \ Zc{t)°. Let ^ G G be a lift 
of g. Observe that p{gtig~^) = gtg~^ = t. So, gtig~^ e p~^{t). Also note that gtig^^ ^ t\. For else, 
g e ZQ{ti), which implies p{g) e p(Zg(ti)) g E Zc{t)° (since ZQ{ti) is connected). Hence gtig~^ — ii 
for some i ^ 1. 

Conversely, let there exist g E G, such that, gtig^^ = ti, for some i ^ 1. Therefore g = p{g) E Zcit). 
Define Sj = {x E ZG{t)\xtiX~^ = tj}, where p{x) = x. Then clearly, Zcit) = IJj=i'S'j- Note that, 
5*1 = = Zcity and by hypothesis. Si is non empty. Hence ZQ{t) is not connected. □ 

In what follows, we shall compute the genus number of all the compact simply connected simple Lie 
groups and simply connected simple algebraic groups of Classical type and of types G2 and F4. 



In this section, we compute the genus number for the compact Lie group SU{n + 1) and the semisimple 
genus number of the algebraic group SL{n + 1) over an algebraically closed field. We fix a maximal 
torus T of SU{n + 1) consisting of all matrices of the form 

Zn+l 

where Zi E and Zi...Zn+i = 1. If we write Zi = expiQ.ni'-fi) , then the above matrix can be represented 
by the (n + l)-tuple (71, 72..., 1n+i), where 7^ E R/Z. The Weyl group of SU {n + 1) is 5*^1+1 and it acts 
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on the diagonal maximal torus in the following way: let a e Sn+i and 7 = (71,72, ...,7n+i) G T, then 

a~^(7l,72, ■-,7n+l) =(7a(l),7a(2), 7a(n+l))- 

We wish to compute the number of conjugacy classes of isotropy subgroups of Sn+i with respect to 
its action on T. 

Let 7 G T. By the action of a suitable element of Sn+i we can assume 7 to be such that, 71 = 72 = 
••• = 7fci; 7fci+i = ... = 7fci+fe2 ; 7fci+...+A;i_i+i = ... = Iki+.-M and ki + k2 + ...ki = n, with 71 7^ 7^1+1 7^ 
... 7^ jki+...+ki-1+i- Hence, for this 7, the isotropy subgroup in is Sk^ x 5*^2 x ... x Ski ^n+i, 
where Sk^ = {p e p{j) = j for j = 1, (/ci + ... + (/ci + ... + ki + l), n + 1}. Note that 

Sk, r\ Sk^ = {1} ioT i j and = SkjSki- So, -S'fe.5'fc^. is a subgroup of Sn and hence by induction 

Ski...Sk^ is a subgroup of Sn- 

More precisely, any element p G W^, necessarily has a cycle decomposition of the type {ki, ki), i.e. 
p G Sk-^Sk2---Ski and conversely any element of Sk^ x 5*^2 x ... x Sk^ is clearly a stabilizer of 7. In other 
words, we have the following isomorphism : 

W-y > Sk^.-.Ski 

P' > (P \kl -P \k2 -P IfcJ, 

where p denotes the restriction of p on to the ki many entries of 7, which are equal modulo Z. 

Let (ni, ...,ni) and (mi, ...,mk) be two ordered partitions of n + 1 and suppose they correspond to 
elements 71, 72 G T respectively. If / = A; and rij = rrii for all 1 < i < /, clearly W^^^ = W-y^. Now suppose 
that the two partitions are different. Then rii 7^ rrii for some i. We observe that any element in W^-^ has 
a cycle type {rii, ...,ni) and any element in W^^ cycle type (mi, m^) and since conjugation in Sn 
must preserves cycle types, W^^ is not conjugate to W^^ ■ 

Thus the number of conjugacy classes of isotropy subgroup is precisely p{n + 1), i.e. the number of 
partitions of n + 1. 

For SL{n + 1) over an algebraically closed field k, the scmisimple genus number is similarly obtained 
by computing the number of isotropy subgroups of the Weyl group (up to conjugacy) with respect 
to its action on a maximal torus. In this situation again we consider the diagonal maximal torus 
T C SL{n+l), i.e the subgroup of matrices of the form (im(yf(ai, a„+i) such that ai...a„+i = 1, G k. 
Following a similar argument as in the case of SU{n + 1), we see that the number of conjugacy classes 
of isotropy subgroups of Weyl group is p{n + 1). 

We record this as : 

Theorem 3.1. The genus number of a compact simply connected Lie group or a simply connected 
algebraic group over an algebraically closed field, of type An is p{n + 1). 
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4 B„ 

We consider the simply connected group Spin{2n + 1) and a maximal torus 

n 

T = {Y\_{costi - e2i-ie2isinti) : < U < 2%}. 



i=l 



To simplify notations let us denote a typical element of T by t = (ti, with < ti < 27r. 
For a description of the Weyl group of Spin{2n + 1), we fix the following notation: 



t-i = -ti, for i = l,...,n. 

The Wcyl group of Spin{2n + 1) is W = (Z/2)"' xi S'„, where Sn acts on (Z/2)" by permuting the coordi- 
nates. The group W can be identified with the group of permutations (p of the set {— n, —1, 1, n}, 
which satisfy 0(— i) = —<p{i)- W acts on the fixed maximal torus T of Spin{2n + 1) in the following 
way: 

0(^1, tn) = (^0-1(1), i</)-i(n)), 

where e and (ti, ...,t„) G T. 

A useful interpretation: The action of W on the maximal torus of Spin{2n+ 1) can be described in 
the following way: 

An element 4> G G{n) acts on a toral element t G T by permuting the parameters and changing the sign 
of some of them. If = (a, with a G (Z/2)" and ^ G Sn, then ^ permutes the parameters of t and 
q; changes the signs of the parameters. 

In order to compute the number of conjugacy classes of isotropy subgroups of W, we start with an 
element t = (ti, ...,tn) G T and find the isotropy subgroup Wf. 

Let n = rii + ... + n^, where, tj = or n, for i = I, n[, ti = n/2 or 37r/2, for i = ^ + 1, ni, and 
ti 7^ 0, TT, 7r/2, 37r/2 for i > rii + 1. The remaining integers ^2, denote the number of parameters 
which are equal. 

Note that, for i = 1, ■■■^n\^ a non- trivial (Z/2)" action on ti fixes the factor {costi — 621-1624 smtj), 
which is 1 or —1 according as tj = or vr. However, for i = n'i + 1, ...,ni, a non-trivial (Z/2"') action 
on tj inverts the factor (costj — 62i-i62iSmtj), which is 621-1621 or —621-1621, according as ti = tt/2 or 
37r/2. For the rest of the parameters, only the Sn part of the Weyl group contributes to the isotropy. 
Therefore the isotropy subgroup for such an element of T is 

((Z/2)"'i X X ((Z/2)"-"'i-i >^ X Sn, X ... X Sn„ 

Therefore for each choice of rii we have {rii + l)p{n — rii) many isotropy subgroups (non-conjugate). 
Hence the total number of conjugacy classes of isotropy subgroups of W for SO{2n + 1) is 

n 

J](i + l)p(n-i). 

i=0 
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When we consider Spin{2n + 1) over an algebraically closed field k, we take a maximal torus T — 
{YYi=i{ti^ + {k ~ ti^^2i-ie2i):ti e k*}. We can calculate the number of conjugacy classes of isotropy 
subgroups of the Weyl group using similar arguments. 

We record this discussion as: 

Theorem 4.1. The genus number of a compact simply connected Lie group or a simply connected 
algebraic group over an algebraically closed field, of type Bn is Yli=oi^ + l)p{n — i). 

Corollary 4.1. The connected genus number of SO{2n+l) is equal to the genus number of Spin{2n+1). 

Proof. Follows from Theorem 2.3. □ 



5 a 



n 



Let k be an algebraically closed field. The symplectic group over k of rank n, is defined as Sp{n, k) 

To -/I 



{A e GL2n{k) : A^JA = J}, where J 



/ 



, / being the identity matrix in GLn{k). Sp{n, k) is 



the simply connected algebraic group of type C„ 

When A; = C, the field of complex numbers, C) is the complex symplectic group of rank n. 

The compact simply connected Lie group of type C„, denoted by Sp{n) is defined as follows: let U{n) 
denote the group ol n x n unitary matrices. Define Sp{n) :— {A e U{2n) : A* J A — J}, where J = 

^ / is the identity matrix in GL„(C). Therefore, Sp{n) = Sp{2n,C) n U{2n). We have the 



/ 
inclusion U{n 



Sp{n), given by ^4 i-^ 



'A _0' 
A 



Consider the maximal torus T{n) 



e U{n) -.ZiES^ 



> cU{n). Then the image of this 



maximal torus in Sp{n) under the above inclusion gives a maximal torus T C Sp{n), a typical element 
of which is of the form, 

^Zi 

Zl 



Zl 



Z2 
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Let Zk — exp{2TTitk). Then we can represent each i e T by an n-tuple (ti, ...,t„), where tk G M/Z. 

The Weyl group of Sp{n) is 1^ = (Z/2)"' x yS'n, where Sn acts on (2/2)" by permuting the coordinates, 
as noted in Section 4. The action of on T is given by, tn) — (^</>-i(i), ^0-i(n)), where e 

and (ti, ...,tn) G T. We follow the same convention: t_j = —ti, for i = 1, ...^n (see Section 4). 

To compute the isotropy subgroup of t e T in ly, first note that, if = or 1/2, a non-trivial (Z/2)" 
action fixes U. Therefore, we can assume without loss of generality that, U ^ —tj unless ti = tj = 0, 1/2. 
For, if there exist ti — —tj for some i,j with ti, tj ^ 0, 1/2 then we can change the sign of tj by suitable 
element from (Z/2)"'. 

Let n = ni + ... + be a partition of n with being the total number of O's and 1/2's and n2, ...,71-^ 
are the sizes of the blocks of parameters ti which are equal. The isotropy subgroup for this particular t 
is 

((Z/2)' X Si) X ((Z/2)"i-^ X Sr,,.i) X X ... X 

where i and n\ — i respectively denote the number of O's and 1/2's in t. Therefore for this partition 
of n, we have ([ni/2] + l)p(n — n\) many distinct isotropy subgroups (by varying the number of O's). 
Hence the total number of conjugacy classes of isotropy subgroups is 

n 

^([i/2] + l)p(n-i). 

Over an algebraically closed field the diagonal maximal torus of Sp{n) can again be parametrized 
by n coordinates (oi, ...,a„) e k*. The calculation for genus number follows exactly as above.Thus 
we have the following: 

Theorem 5.1. The genus number of a compact simply connected Lie group or a simply connected 
algebraic group over an algebraically closed field, of type Cn is 'Y^=o{[^l'A + ~ 0- 

6 Dn 

Here, as in the case of Spin{2n + 1), we work with the maximal torus T = {niLil*^^'^^* ~ e2i-ie2isinti) : 
< < 27r)}. The Weyl group is W = (Z/2)"^^ x Sn, the subgroup of even permutations in the Weyl 
group of Spin{2n + 1) and it acts on a typical element (ti, ...,tn) ^ T, by permuting the entries and 
changing the signs of even number of them. We discuss two separate cases: 
Case 1: n is odd. 

Let t = {ti,...,tn) G T be an arbitrary element of the torus. As in the case of Bn, we consider a 
partition of n as n = rii + ... + n^, where the n^s are as in §4. Thus looking at the torus element t, we 
can read off the isotropy subgroup, which is 
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((Z/2)"'i-^ X X ((Z/2)"-"i-^ X X Sr,, X ... X Sr,,, 

Thus for each ni the number of non-conjugate isotropy subgroups is ([ni/2] + l)p{n — rii). This is 
because the number of partitions of rii which give non -conjugate isotropy subgroups for a fixed choice 
of 712, .., ris is ['T'l/S]. Hence the total number is 

n 

J2{[t/2] + l)p{n-i). 

i=0 



Case 2: n is even. 

First let us investigate the following situation: t = (ti, ...,t„) G T, where ti = ... = tn-i = —tn and 
ti ^ 0,7r,7r/2,37r/2, for 1 < i < n. We have the Weyl group W = (Z/2)"-^ x Sn. The action of an 
element (r, p) e on any t E T is given by, 

{r, p){ti, ...,tn) = ...,i(p)-i(^)-i(„)). 

If (t,p) e Wt, then (T,p)(ii, = (i(p)-i(r)-i(i), t(p)-i(r)-i(n)) = (^i, ■-,in)- Therefore, 

(a) if p{n) = n then r = (0, 0) e (Z/2)"-^ 

(b) if p(n) = i ^ n then necessarily r is an n-tuple with 1 at the n-th and p(n)-th positions and 
everywhere else. 

The isotropy subgroup of t therefore has exactly n! many elements and as we will see, is not conjugate 
to Sn (since Sn is the only other isotropy subgroup of order n\). 
Let if possible (r, p) e 1^ be such that 

ir,p)Sn{T,p)-' = Wt. 
Then, for an arbitrary (1, cr) e 5'„ C we have, 

{T,p){l,a){p-\T),p-') 
^{r,pa){p-\r),p-') 
^(rpap-^(r),pap-^) eWf 

Note that r cannot be (0, 0) or (1, 1) because in that case Tpap~^ (r) is necessarily equal to (0, 0) 
for any chosen cr; and we can suitably choose a^a El Sn such that pap~^{n) ^ n, in which case the above 
element cannot belong to Wt- Thus r must contain both and 1 as its parameters. Moreover, since 
(r, p) G W, T must be a permutation changing an even number of signs. Since there is at least one 
1 in the n-tuple representing r, there must be at least two of them. Similar argument holds for the 
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number of O'S occurring in r. Now let the n-th and the z-th positions in r be 1. Then we simply choose 
a suitable a such that pcrp~^ — {In) (the transposition flipping 1 and n). This shows that the element 
{t pa ij) , pa p~^) ^ Wt because Tpap~^{r) = (1, ...1) in this case again. 

With this in hand, we carry out the computation for the number of conjugacy classes in a way similar 
to that of Spin{2n + 1). If n = ni + ... + n/j is a partition consisting of at least one odd integer, then 
by the action of a suitable Weyl group element the computation can be carried out as in Case 1. 

If the partition n — rii + ... + Uk consists of only even integers, and also let us assume that none of 
the parameters are or tt, then we can have the following possibility: 

ti = ... = tni-i = —tni and the remaining blocks containing equal parameters with tj ^ —fj for 
iT'i < hj ^ n. By the argument at the beginning of Case 2, the isotropy subgroup for such an element 
is obtained as: Let n — 21. li I — li + ... + Ik , then Wt = H2ki-S2k2---S2ki-, where if2fei is a subgroup of 
order (2A;i)! as described in the beginning of Case 2. 

So if n = 21 then the total number of conjugacy classes of isotropy subgroups is : 

n 

(E([V2] + l)p{n - i))+p{n) -p{l) + 2p{l) 

1=1 

n 

^{J2(^i/2] + l)p{n-i))+p{l). 

i=0 

As noted in the previous section, over an algebraically closed field, the number of conjugacy classes 
of isotropy subgroups of the Weyl group can be obtained exactly as above. Thus we have the following 
theorem: 

Theorem 6.1. The genus number of a compact simply connected Lie group or a simply connected 
algebraic group over an algebraically closed field, of type is 
^"=o([V2] + i)p{n — i) for n odd and 
E-=o([V2] + l)p{n - i)) +p{l) for n = 21. 

CoroIIciry 6.1. The connected genus number of SO{2n) is equal to the genus number of Spin{2n). 
Proof. Follows from Theorem 2.3. □ 



7 Fi 

Let C be the octonion division algebra over R with norm N. We fix an orthogonal basis *B = {vi, ^2, I's}, 
where Vi = 1, = ^2^5, v^ = v^Vf, and v^^ = v^v^ {[P], Lecture 14). Let Spin{N) and SO{N) respec- 
tively denote the spin group and the special orthogonal group of {€,N). With respect to the basis 03, 
the matrix of the bilinear form associated with N is diagonal. 
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Consider the R- algebra A :— Hs{€), consisting of all 3 x 3 matrices of the form 



ai C3 C2 
C3 a2 Ci 

e M, Cj e C and x t-^ x is the canonical involution on €. The multiplication in J4 is given by 



, where 



xy^ {x -y + y ■x)/2, 

where dot denotes the standard matrix multiplication and square is the usual one with respect to the 
matrix product. 

Then Aut{A) is the compact connected Lie group of type F4. For this discussion we need an explicit 
embedding of Spin{N) in F4. Consider the subalgebra 5' = RxMxMc^. Then Spin{N) sits inside 
Aut{A) as the subgroup of all automorphisms 0, such that 0(s) = s for all s e 5 ([J], Theorem 6). 

We first discuss an exphcit description of Spin{N). Let as before € denote an octonion algebra over 
R and consider a subgroup RT{€) C SO{N)^, defined as, 

RT{€) := {{ti,t2, ts) e SO{Nf\ h{xy) = t2{x)h{y) Vx, y e €} 

Any element of RT{€.) is called a related triple. For related triples and Principle of triality one may 
refer to [SV], Chapter 3. We need the following result from [SV] (Proposition 3.6.3). 

Proposition 7.1. There is an isomorphism, 

$ : Spin{N) RT{€) 

defined by , 

where ai.bi G (E,Y[iN{ai)N{bi) = 1,( N being the norm on the octonion algebra), is the reflection in 
the hyperplane orthogonal to v E ly and r„ are the left and right homotheties on £ respectively. 

Remark: Henceforth in the subsequent discussion we shall identify the groups Spin{N) and RT{(t) 
via the above isomorphism. Wc note that a related triple t = (^1,^2,^3) G RT{€) acts on an element of 

Qi ti{c^) ^2(02)' 







C3 


C2 




A as; t 


C3 


0C2 


Cl 






C2 


ci 







tl{c^) OL2 



(refer to [J], §6). 



.^2(02) ^3(01) a-i 
Consider the following automorphisms of RT(€): 



Ti : (^1,^2,^3) ^ (^1,^3,^2), 
T2 : (^1,^2,^3) ^ (^3,4,^l), 
T3 : (^1,^2,^3) ^ (^2,^1, 4), 



(7.0.1) 



where t{x) 
3.6.4), 



t{x), for t e SO{N) and x E C We note the following result from [SV] (Proposition 
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Proposition 7.2. T2 and t-^ generate a group of automorphisms of RT{<t) isomorphic to S3 and the 
non trivial elements of this group are outer automorphisms. 



Lemma 7.1. Let T be a maximal torus in SO{N). Then 

T := {(^1,^2,^3) G (ti,t2,t2,) is a related triple} 
is a maximal torus in Spin{N). 

Proof. If we take ti G T, then the fiber of ti in a maximal torus T of Spin{N) consists of (^1,^2,^3) 
and (^1,-^2,-^3), such that (ti,t2,i^3) is a related triple. Since the Weyl group acts on the maximal 
torus, r3(ti,t25^3) = (^2,^1,^3) £ T, which when projected onto SO{N) via the two sheeted covering 
map, we gives ^2 ^ T. Similarly by considering the automorphism T2 we can conclude ^3 G T. Hence 
the proof. □ 



Lemma 7.2. For a maximal torus T G F4, = 
fixed point wise by T. 



X 



L Here denotes the subalgebra of A, 



holds for all t G T. This means that 



Proof. Let T be the diagonal maximal torus of SO{N). If Ti and T2 be two maximal tori in F4, 
then v4^i = A'^^ since Ti and T2 are conjugate. So we can assume without loss of generality that, 
T C Spin{N) and hence by Lemma ITTTl T = {(^1,^2,^3) ^ ^^^(A^)! G T C SO{N)}. Now suppose 

«! C3 C2 Cti tl(c3) t2(c2) ai C3 C2 

C3 a2 ci = ti(c3) a2 t3(ci) = C3 «2 Ci 
.C2 ci asj [t2(c2) tsici) as J [c2 ci q;3_ 
^i(c3) = C3 for all ti G T. Note that ti is a block diagonal matrix consisting of 2 x 2 rotation matrices 
along the diagonal. Let if possible C3 7^ 0. We can assume without loss of generality that at least one 
of the first two coordinates of C3 (say xi, X2) with respect to the basis 55 of C, is non zero. 

Now if we take the first 2x2 diagonal block of ti as '^^'^^^1 sin2di 



that 



cos29i —sin29i 
sin29i cos29i 
which 00326*1 7^ 1. Hence C3 
proof. 









Xi 




52. 




X2 



, which forces cos29\ 



. „„ r^/i , then ti(c3) = C3 implies 

sin29x cos29i ' 3 f 

1. But we can choose a ti with 7^ 0, for 



0. By similar arguments we can say the same for ci and C2. Hence the 

□ 



Lemma 7.3. The Weyl group of F4 is WSpin{N) x S3, WSpin{N) being the Weyl group of Spin{N) . 
Proof. Let us denote the group F4 by G. Consider the M— subalgebra S' = ]Rx]RxMc/l and define. 



Aut{A/S) := {0 G Aut{A) : = s, Vs G S}, 
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Aut{A, S) := {0 e Aut{A) : = S}. 



Spin{N) and Aut{S) 



Let 



Then Aut{A, S) ^ Aut{A/ S) x ([J], Theorem 8). We have Aut{A/S) 

S3 and therefore, Aut{A, S) = Spin{N) x 5*3. 

First let us fix a maximal torus T C G. Then = M x M x ]R(by Lemma 7.2] 
(f) G y4Mt(74, A^), since, for s G and for any t G T we have t{(f){s)) = (t(f)){s) = (p[(p n(p)[s) = (p[s 
(as (l)~^t(l) G T and s G A^). Hence (f){s) G A"^. Therefore we have shown that Ng{T) C Aut{A,A^) = 
Spin{N) X 53. Thus NdT) C Nspin{N){T) x ^3, which implies that WG = Ng{T)/T C WSpin{N) x ^3 
Both the groups being finite and of the same order, are therefore equal. 



G Ng{T). Then 



□ 



Remark: Note that, the 5*3 factor arising in the Weyl group of F4 is the group of outer automorphisms 
of Spin{N) and its action on the maximal torus is given by ri, T2, T3 G Aut{RT{(t)) (refer to the remark 
preceding Proposition 17. 2p . 
Computation of the genus number for F^: 

Let us denote the maximal torus in F4 by T and the Weyl group by W. We work with the chosen 
orthogonal basis 23 = {vi, ...,^8} of such that, Vi = 1, = V2V5, ^7 = v^v^ and vf = —1, 1 < i <8. 
Let T C SO{N) be the diagonal maximal torus and without loss of generality we can assume T C 
Spin{N). If t = (^1,^2,^3) G T, with ti = {9i/7i, 62/71, 93/tt,94/tt), 9i/27i G M/Z, we wish to compute t2 
and ^3 in terms of the 6'-s. 

First note that for t = (71/71, 72/7r, 73/77, 74/7?) G T C SO{N), t = (—71/77,72/77,73/77,74/77). This 
is evident from the following calculation: Let x = {xi, Xs) G C, Xj G M. Then x = (xi, —X2, —Xs) 
(considered as a column vector). By definition, t{x) = t{x). Now, t = (71/77,72/77,73/77,74/77) is an 

cos2ji —sin2ji 



8x8 block diagonal matrix with the i-th diagonal block being: 



(by the notation 



sm27j cos27j 

used in Section 4). Let s = (—71/77,72/77,73/77,74/77) G T. Then, a direct computation shows that. 



t{x) = t{x) 



cos27iXi + sm27iX2 
— sm27iXi + COS271X2 
COS272X3 — sm272X4 
sm272X3 + 005272X4 
COS273X5 — sm273X6 
sm273X5 + COS273X6 
COS274X7 — sm274X8 
sin2'y4XY + COS274X8 



six) 



Therefore, 



i= (-7iA,72/vr,73/7r,74/7r). 



(7.0.2) 
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If ti = {Oi/n, 0, 0, 0) then a direct computation gives ti = SaS^, with a — sinOiVi — cos9iV2 and b = V2. 
We now calculate t2 and ^3. Recall that ti in matrix notation is an 8 x 8 matrix consisting of four 2x2 
identity diagonal blocks, the first block being 

cos29i —sin29i 
sin26i cos26i 

and 2x2 identity blocks in the next three diagonal positions. So in order to calculate ^2 and ^3 we just 
evaluate these on the basis vectors, look at the matrices and get the parameters. We have, 

iJbi'^i) — oh — {sinOiVi — cos9iV2){—V2) — —cos9iVi — sin9iV2 
IJii'^'i) = tt(bv2) = —a{vl) — sin9iVi — cos9iV2 
= ci(y2V3) = —av4 — —cos9iV3 — sin9iV4 
Lkiv.i) = -a{v2V4) = avs = sin9iV3 - cos9iVi 
Ubivb) = -a{v2V5) = ave = -cos9iV5 - sin9iVQ 
lah{v&) = -a{v2V6) = av5 = sin9iV5 - cos9iVq 
lalbiy-j) = —a{v2V-j) = avg = —cos9iVy + sin9iv^ 
lJbi'"s.) = -0(^2^8) = -a{v7) = -sin9iV7 - cos9iv^. 

This gives us ^2- Next we compute as: 



Vfe(fl) = 


—V2a = —cos9iVi 


— sin9iV2 




rarb{v2) = 


—via = sin9iVi — 


COs9iV2 




ranivs) = 


— {v3V2)a = v^a = 


—COs9iV3 + 


sin9iVi 




— (f4f2)a = —v^a 


= —sin9iv^ 


— COs9iV4, 


raniv^) = 


-{v^V2)a = VQa = 


—cos9iv^ + 


sin9iVQ 


ranivd) = 


— (fgf2)a = —Vr^a 


= —sin9 iVr^ 


— COs9iVq 


ranivr) = 


-{vjV2)a - vsa = 


—cos9iVj — 


sin9 iVs 




-{vsV2)a = vja = 


sin9iV7 — cos9iV^ 



So ti,t2,t3 in their possible parametric forms are given as follows: 

h = {9i/7i, 0,0,0) 

t2 = ((tt + 9i)/27r, (tt + 9i)/27r, (tt + 9,)/2tt, -(tt + 9i)/2tt) 
t3 = ((tt + ei)/27r, -(tt + 9,)/27T, -(tt + 9i)/2n, (tt + 9i)/27i) 
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h = (0, ^^2/7r, 0, 0) 

t2 = ((tt + e2)/27r, (tt + e2)/2n, -(tt + ^^2)/27r, (tt + ^^2)/27r) 
^3 = (-(tt + ^2)/27r, (tt + ^2)/27r, -(tt + ^2)/27r, (tt + ^2)/27r) 

h = (0,0,^3/vr,0) 

t2 = {{tt + 9^)/2'K, -(tt + 03)/27r, (tt + 9^)/2'k, (tt + e^)/2'K) 
h = (-(tt + 9^)/2-n, -(tt + e^)/27i, (tt + e^)/2'n, (tt + 9^)121,) 

h = (0, 0, 0, ^4A) 

t2 = (-(vr + ^4)/27r, (tt + ^4)/27r, (tt + 04)/27r, (vr + 04)/27r) 
^3 = ((tt + e4)/27r, (tt + e4)/27r, (tt + e4)/27r, (tt + 04)/27r) 

Therefore in general we have, 

ti = {e,/n,e2/7r,e-s/n,e^/7r) 

t2 = {{Ol +02+ 03 - ^4)/27r, (^1 + ^2 - ^3 + 04)/2tT, {0, - 02 + 03 + 04)/2tT, {-0i + 02 + 03 + 04)/2n) 
t3 = m - 02 - 03 + 04)/2n, {-0^ + 02-03 + 0,)/27l, (-01 - ^^2 + ^^3 + 04)/2n, {0^ + 02 + 03 + 04)/2n) 

We record the above set of equations as (*). These parameters are written modulo Z. Now we analyse 
all the possibihties for 6'-s to compute the non conjugate isotropy classes. 
Casel:(At least one 0i is or 1/2) 

(a) If 0i = Vi, then by (*), ti = ^2 = ^3 = (0, 0, 0, 0) and hence Wt = W. 

(b) If 0i/7i = 1/2 Vi, then by (*), we have, 

= t2 = (1/2,1/2,1/2,1/2) and = (0,0,0,0). Note that only rg from S3 = Out{Spin{N)) occurs 
in the stabilizer since it leaves t stable and any other element from 5*3 brings ts in the first place from 
which we cannot get back ti by the action of any element from WSpin{N) (see 17.0.11 17.0. 2p . Thus 
Wt = {{Z/2f><iS,)y^{l,T3}. 

(c) If ti = (0,0, 0,1/2), then by (*), 

t2 = (-1/4, 1/4, 1/4, 1/4) 
t3 = (1/4, 1/4, 1/4, 1/4) 

Note here that ri(t) = t and hence ri G Wt and no other element from S3 can occur because ti has O's 
as parameters but ^2,^3 do not f see 17^011 ITM) . Hence Wt = ((Z/2)2 x S3) x {l,ri}. 

(d) If ti = (1/2, 1/2, 1/2, 0), then by (*), 



t2 = (3/4, 1/4, 1/4, 1/4) 
t3 = (3/4, 3/4, 3/4, 1/4) 
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Here Wt = ((Z/2)^ xi S3), because any element from Out{Spin{N)) will alter t2,ts and as a result we 
cannot get back t by a subsequent action of WSpin{N) (see 17.0.11 17.0.2p . 

(e) If ti = (0, 0, 1/2, 1/2) then by (*), h = t2 = h and the isotropy is ((Z/2 x ^2) x (Z/2)) x ^2) x ^3- 

(f) If ti = (0, 0, 0, ej-n) with OJ-k ^ 0, 1/2 then by (*), 

t2 = (-^4/27r, 04/27r, ^4/271, ^4/27r) 
= (e4/27r,^4/27r,^4/27r,^4/27r). 

In this case apart from ti no other element from 6*3 can contribute to the isotropy since ti contains 
and t2,h do not fsee rroTl YTOJM . So Wt = {{^/2f x S3) x {l,ri}, being same as case (c). 

(g) If h = (1/2, 1/2, 1/2, ^4/vr), then by (*), 

t2 = (3/4 - 9,i/2n, 1/4 + e^/27r, 1/4 + ^4/271, 1/4 + 6^/271) 

h = (-1/4 + ^4/27r, -1/4 + e4/27r, -1/4 + ^4/277, 3/4 + 9^/27^) 

Here, just as in (d), we have Wt = ((Z/2)2 x 5*3) C Spin{N). 

(h) If ti = (0, 0, e/rr, 9/tt), then by (*), h = t2 = h. 

Clearly here, the whole of ^3 leaves t stable fbv lTMITM) and hence = ((Z/2 x ^2) x ^2) x S3. 

(i) If ti = (1/2, 1/2, 9/n, 9/71), then by (*), 

t2 = (1/2,1/2,9/71,9/71) 

h = (0,0,l/2 + ^/7r,l/2 + e/7r) 

Now (^1,^2,^3) =7-2(^1,32,53) = (s3,S2,Si), (by 17.0. 2p where, 

si = (0,0,1/2 + 9/71,1/2 + 9/71) 

52 = (1/2,1/2,9/71,9/71) 

53 = (l/2,l/2,9/7,,9/7,). 

If s = (si, S2, S3), Wt is conjugate to Ws in W. Since any element of S3 other than ti removes Si from 
the first position, ri is the only element from S3 which contributes to the isotropy of s (see 17.0. ip Hence 
W^, = ((Z/2x52)x52)x{l,ri}. 
(j) If h = (0, 9/7X, 9/7X, 9/7x), then by (*), 

t2 = (9/271, 9/271, 9/271, 39/271) 
t3 = (-9/271, 9/2n, 9/271, 39/271) 

Here Ti(t) = t and no other element from S3 = Out(Spin(N)) can contribute to the isotropy, since ti 
has a and £2 = ^3 flTim mT^ . Thus Wt = S3 >} {1, n}. 
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(k) If ti = (1/2, 9/n, 9/n, 9/n), then by (*), 

t2 = (1/4 + e/2n, 1/4 + 9/271, 1/4 + 9/27r, -1/4 + 39/27r) 
t3 = (1/4 - 9/271, -1/4 + 9/27^, -1/4 + 9/27^, 1/4 + 39/2n). 

Here, 6'/7r 7^ 0,1/2. Therefore t2,t^ does not contain or 1/2 as parameters. Hence, T2,t-^ G does 
not contribute to the isotropy. As t2 7^ ^3, ti G 6*3 cannot belong to the isotropy (see 17.0. H 17.0.21) . 
Therefore, Wt = C WSpin{N). 
(1) If ti = {0,0,9:^/71, 9^/n), then by (*), 

t2 = m - d,)/27i, (-03 + 0^)/27x, (03 + ^4)/2vr, (03 + 04)/27r) 

^3 = ((-^3 + 0^)/27l, (-03 + 04)/27r, (03 + 04)/27r, (03 + 04)/27r) 

We assume here 03/vr 7^ 04/7r modulo Z. Therefore does not occur in t2 and ^3, so the only non trivial 
element from 6*3 which lies in the isotropy is ri (see 17.0.11 17.0.21) . Thus, Wt = (Z/2 xi S2) x {1,ti} 
(m) If ti = (1/2, 1/2, 03/7r, 04/7r), then by (*), 

t2 = (1/2 + (03 - 04)/27r, 1/2 + (04 - 03)/27r, (03 + 04)/27r, (03 + 04)/27r) 
h = m - d-i)/27i, (04 - 03)/27r, 1/2 + (03 + 04)/27r, 1/2 + (03 + 04)/27r) 

Here ^3 7^ t2 and t2 7^ ^3 and ti, contains 1/2 as a parameter. So 6*3 = Out{Spin(N)) does not contribute 
to the isotropy (see E0l2]). Hence Wt = Z/2 x 5(2). 
(n) If ti = (O,0/7r,0/7r,04/7r), then by (*), 

t2 = ((20 - 04)/27r, 04/27r, 04/27r, (20 + 04)/27r) 
tg = ((-20 + 04)/27r, 04/27r, 04/27r, (20 + 04)/27r). 

We have VFj = 5*2 x {1, ti} in this case, because again ^2 = ^3 and ^3 = ^2- And if 9/ 71 = 9^/271, we have 
by (*), h=t2= h and = ^2 X ^3 (see mm ITM . 
(o) If ti = (1/2, 9/71, 9/71, 04/7r), then by (*), 

t2 = (1/4 + (20 - 04)/27r, 1/4 + 04/27r, 1/4 + 04/27r, -1/4 + (20 + 04)/27r) 
ts = (1/4 + (-20 + 04)/27r, -1/4 + 04/27r, -1/4 + 04/27r, 1/4 + (20 + 04)/27r). 

Here Wt = S2 C WSpin{N) because no element from 5*3 can contribute to the isotropy of this element, 
as we have taken 0/7r 7^ 04/vr and hence 1/2 does not occur in ^2 and ^3 (see 17.0.11 17.0.21) . 
(p) If h = (0, 02/7r, 03/7r, 04/7r), then by (*), 

t2 = ((02 + 03 - 04)/27r, (02 - 03 + 04)/27r, (-02 + 03 + 04)/27r, (02 + 03 + 04)/27r) 
h = ii-02 -03 + e^)/27l, (02 - 03 + 04)/27r, (-02 + 03 + 04)/27r, (02 + 03 + 04)/27r). 
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If none of the coordinates in t2, are 0, 1/2 then Wt = {1, ri}, otherwise the only non trivial possibility 
is Wt = S3 C WSpin{N), which occurs if (6*2 + 03)/n = 6*4/7?, in which case ti = ^2 = ^3 holds by (*) 
(refer to 17101 [TIT^ . 

Case 2: (no 6i in ti are 0,1/2) Here, however the isotropy subgroups for various possibilities for 6i 
are conjugate to certain subgroups already occurring in Case 1, except the situation when all 6'^s are 
distinct, which yields the trivial isotropy subgroup. 

(a) If ti = {9/tt,9/tt,9/tt,9/tt), then by (*), 

t2 = i9/n,9/n,9/n,9/n) 
t3 = (0,0,0,26^/71) 

Then clearly Wt = xi {l^r^} since t^, contributes to the isotropy from 5*3 (see 17.0. II I7.0.2p and this 
isotropy is conjugate to that in case 1(c). 

(b) If ti = {9,/nA/7r, 92/71,92/71), then by (*), 

t2 = {9^/71.9^/71,92/71,92/71) 

t3 = (0,0,(6^2-^i)/7r,(ei + e2)/7r). 
Note that, {ti,t2,t3) = T2{si, S2, S3), where, 

si = {0,0,(92 -9i)/7r, {9, + 92)/7t) 

52 = (-9^/71.9^/71,92/71,92/71) 

53 = (0l/7l,9i/7l, 92/71, 92/7T) 

which case has already been considered before (case 1(1)). 

(c) If 

h = (9i/n,9i/7i, 93/71, 9^/71), then by (*), 

t2 = ((29i + 93- 9^)/27T, (29, -93 + 9,)/27r, (^3 + 6^4)/27r, (6^3 + ^4)/27r) 
^3 = ((^4 - ^3)/27r, (9, - 93)/27i, (-29, + ^3 + ^4)/27r, (29, + ^3 + ^4)/27r) 

If ^i/7r 7^ (6*3 + 6*4) /27r or 6'i/7r 7^ (6^4 — 6*3) /27r modulo Z, then Wt = S'2 (which has already occurred in 
case (o) of case 1). If 6'i/7r is equal to any one of the above two elements (modulo Z) then t2 or ^3 has 
as one of it's co-ordinates. Accordingly t2 or ^3 can be brought to the first position of the related triple 
(see 17.0.11 . Note that for all related triples (^1,^2,^3) such that t, has at least one as a parameter, 
the isotropy subgroups have been computed in Case 1. Hence, this does not give us any new isotropy 
subgroup. 

Now we consider (ti,t2, 13) such that ti has all the parameters distinct and not equal to zero. For this 
situation we record the following lemmas. 
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Lemma 7.4. Ifti G SO{N) does not have any of the parameters equal to zero, then CC*' = {0}. 

Proof. Let x G C*' with x for some i. Without loss of generahty we can assume that Xi ^ 0, where 
xi denotes the first coordinate of x with respect to the chosen basis 55 = {vi, ...,^8}- Hence the first 
2x2 block 

cos26i —sin29i 
sin26i cos26i 

of ti has a non zero eigenvector {xi,X2) which implies that ^i/vr = 0, which is a contradiction to the 
assumption that no parameter of ti is 0. □ 

An element x in a connected group G is called strongly regular if Z^t) = T. 

Lemma 7.5. Ifti G SO{N) be strongly regular then (^1,^2,^3) is strongly regular in Spin{N). 

Proof. Let ti G SO{N) be strongly regular and T C SO{N) be the maximal torus containing ti. Then 
Zso(N)(ti) = T. Let s = (si, S2, S3) G Spin{N) and st = ts. Therefore, 

siti = tisi ^ si G T ^ S2, S3 G T ^ (si, 52,53) G T (by Lemma m|) =^ Zspin{N){t) = T. Hence 
(^1,^2,^3) is strongly regular in Spin{N). 

□ 

Theorem 7.1. // ti does not have any parameter equal to 0, and all parameters in ti are distinct, 
1 < z < 3, then (^1,^2; ^3) is strongly regular in F4 and hence Wt = {!}. 

Proof. Since ti does not have for all i, by Lemma [7.41 = {0} Vi. Hence by this and the remark 
preceding Proposition 8.2, A* = M x M x M. So if G Zp^it), then 0(R xMxR)=MxRxR 

G Aut{A, M X M X R) ^ Spin{N) x 53(by [J], Theorem 8.) 

Zp^it) C Spin{N) X ^3 

=> Zp^{t) C Spin{N) (since F4 is simply connected, Zp^(t) is connected by Proposition 12.11) . 

=^ Zpiit) C Zspin(N)(t)- 

Since all parameters of ti are distinct and none of them is 0, the isotropy subgroup of ti in WSO{N) 
is trivial. Note that WSO{N)t^ = Zso{N){ti)/T, where T is the diagonal maximal torus in SO{N). 
Therefore, WSO{N)ti = {1} =^ Zso(N)(ti) = T, which means ti is strongly regular in SO{N). Hence 
by Lemma [73| t = (ti,t2,t3) is strongly regular in Spin{N). Therefore, Zp^(t) C Zspin{N)if) = T. This 
is in fact an equality since, T C Zp^it) for all t E T. Thus t is strongly regular in F4. □ 

We now proceed to calculate the semisimple genus number of a connected algebraic group of type F4 
over an algebraically closed field k of characteristic different from 2. Let €. and EI be respectively the 
(split) octonion and quaternion algebras over k, i.e. £ := EI © H, where 



m := { 



a b 
c d 



: a,b,c,d G k}, 
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under the usual matrix addition and multiplication with the norm N : H ^ k, defined as N{x) = det{x), 
for X eM. The norm for € is given by N({x, y)) — det{x) — det{y), for y e H. The conjugation in H 
is given by 



a b 




' d -b 


c d 




—c a 



The multiplication and conjugation in € are as follows: 

(x, y){u, v) := {xu + vy, vx + yu), 



{x,y) := {x,-y), 



where x, y, u, v G H. 

We consider the following basis {vi, vs} of C.- 



Vl 



1 




,0), V2 



-1 




,0), ^;3 = (0, 



-1 




V5 = (0, 





1 



), ^^6 = (0, 




1 





1 



), ^4 = (0, 

,0), vs = 




1 



1 


,0). 



The multiphcation table for C with respect to this basis is: 





Vl 


V2 


^"3 


Vi 


V5 


v& 


Vl 


Vs 




Vl 


V2 







V5 











V2 








Va 





-Vq 





-Vl 


V2 


V3 





-V4 








V-j 


-Vl 





Vs 




V4 











-Vs 


-V2 


^^3 










V6 


-V7 


-Vl 











V5 


v& 


V6 





-Vs 


V2 















V7 


-Vs 





























va 





Vq 


V7 


^^8 



With respect to the above basis of € the matrix of the bilinear form for the norm N is 

l" 

1 

and 

T := {diag{a,b,c,d,l/d, 1/c, 1/6, 1/a) G SO{N)\a,b, c, d e k*} C SO{N) 
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is a maximal torus. With the notation used for compact F4, any element of Spin{N) corresponds 
uniquely to (^1,^2,^3) £ SO{N)^ such that ti{xy) — t2{x)t^{y) for all x,y E €. 

Let ti = diag{a,b,c,d, 1/d, 1/c, 1/b, 1/a) G T. We can write ti — Sx^Sy^.-Sx^Sy^, where Sx^ denotes the 
reflection in the hyperplane perpendicular to Xi and 

xi = y/avi + y/a ^vs, yi = vi + vs, x^ = Vbv2 + Vb v^, y2 = V2 + v-j 
X3 = Vcvs + ^/c ^Vq, ya = + ve, x^ = yfdvA + ^^5, y^^v^^ v^. 

Therefore, by Proposition 7.1, the corresponding ^2,^3 are given by ^2 = ixJyi---f'xJm and 
^3 — fxifyi-'-TxiTyi- So if wc calculatc t2 and ^3 using these formulas and the above multiplication table 
we get (henceforth we shall denote an 8 x 8 diagonal matrix of the form diag{a, b,c,d,l/d,l/c,l/b,l/a) 
by {a,b,c,d) ), 

ti = (a, 6, c, d), 

h = {Va\/d/ \/b^fc, \/b\fdl ^/a^/c, ^fcsfdj ^/a\/b, ^/a\/b^/c-\/d) . 

Let us denote the above equations by (**). 

Now we can compute the isotropy classes in the Weyl group with respect to a maximal torus in F4. 
Let T denote the diagonal maximal torus in SO{N). Since any a maximal torus of F4 sits inside a copy 
of Spin{N) C F4, we may work with f := {{ti,t2,t3) G T^\ti{xy) = t2{x)h{y),\/x,y e T} C RT{€) ^ 
Spin{N). 

With this we can compute the isotropy subgroups of the Weyl group (the action of the Weyl group 
on the torus had already been discussed before and we shall follow the same notations here). Recall 
that W = ((Z/2)^ X S^) X S'3 is the Weyl group of F4. In all the following cases the arguments for Wt 
are exactly similar to the ones we had in the case for compact F4, only the roles played by and 1/2 are 
replaced by 1 and —1 respectively. With each of the following possibilities we refer to the corresponding 
calculation done in the discussion on compact F4. In what follows, we denote a flxed square root of — 1 
by i. 

1. ti = (1, 1, 1, 1) = ^2 = is- In this situation clearly Wt = W (case 1(a)). 
2. 

tl=t2 = (-1,-1,-1,-1) 
^3 = (1,1, 1,1) 

Wt = ((Z/2)3 X 54) X {l,r3} (case 1(b)). 
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3. 

ti = (1,1, 1,-1) 
t3 = 

Wt = ((Z/2)2 X X {l,ri} (case 1(c)). 
4. 

Note that all elements of S'3 fix this element t and hence we have Wt = (((Z/2) xi 5*2) x ((Z/2) x 5*2)) x -Sa 

(case 1(e)). 

5. 

h = (-1,-1,-1,1) 

ts = (-«, -i: -i) 

Clearly no clement from S'3 can belong to the isotropy, therefore Wt = (^/2)^ x S'3. (case 1(d)). 

6.ti = ^2 = ^3 = (1, l,c, c), where c ^ 1, —1. Since any S'3 element leaves this fixed, we have Wt — 

((Z/2 X ^2) X ^2) X ^3 (case 1(h)). 

7. 

tl=t2 = (-1, -1,C,C) 
ts = (1, l,c,c) 

Here we observe that only T3 e S'3 can contribute to the isotropy. Hence Wt — ((Z/2xS'2)xS'2)x{l,r3} 

(case l(i)). 

8. 

h = {i,b,b,b) 

t2 = {Vb, Vb, Vb, bVb) 
= (1/V6, Vb, Vb, bVb) 

For this = ,^3 x {1,Ti} ( case l(j)). 
9. 

h = (-!,&,&, b) 

t2 — {iVb, iVb, iVb, —ibVb) 

^3 = (i/Vb, -iVb, -iVb, ibVb) 
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where 6^1, -1. Wt = S3 (case l(k)). 
10. 

h = (1, l,c,d) 

h = iVc/ y/d, y/d/ a/c, y/cVd, y/cVd) 
ts = {y/d/ a/c, y/d/ a/c, a/ca/^, a/ca/^) 

Wt = (Z/2 X 52) X {l,ri} (case 1(1)). 
11. 

ti = (-1, -l,c,d) 

h = {-y/c/ y/d, -y/d/ a/c, a/cv^, y/cy/d) 
ts = {y/d/ a/c, y/d/ a/c, — a/cv^, —y/cy/d) 

Wt = Z/2 X ^2 (case l(m)). 
12. 

ti = (l,6,6,rf) 

t2 = {b/y/d, y/d, y/d, by/d) 

t3 = {y/d/b, y/d, y/d,by/d) 

= 5*2 X {1, Ti} and if 6 = a/^ , we have ^1 = ^2 = ^3 and hence Wt = 6*2 x 5*3 (case l(n)). 

13. 

ti = {l,b,c,d) 

t2 = {^^Tc/^d, y/by/d/^, ^cy/d/y/b, \/b^c\/d) 
t3 = {Vd/VbVc, VbVd/y^, ^Vd/Vb, y/b^y/d) 

Wt = {1, Ti} and if v^a/c = y/d then ti = ^2 = ^3 and Wt = S3 (case l(p)). 
14. 

h = {-l,b,b,d) 

^2 = {ib/ y/d, iy/d, iy/d, —iby/d) 

ta = [iy/d/b, —iy/d, —iy/d, iby/d) 

Wt = S2 (case 1(0)). 

Next we consider (ti, ^2, ^3) such that none of the coordinates have 1 as a parameter and all parameters 
of ti are distinct. Since we are over an algebraically closed field k. Theorem 17. II holds in this case with 
the following modification: 
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Theorem 7.2. If ti does not have 1 as a parameter and all parameters in ti are distinct, 1 < i < 3, 
then {ti,t2,t3) is strongly regular in F^. 

Proof. Note that with the hypothesis on tj, C!:*' = {0} for aU i. For if not, let ^(7^ 0) G C*' for some i. 
Then ti{x) = x ^ some parameter of ti is 1 since x is assumed to be non zero, a contradiction. Also 
note that Lemma 17.51 holds in this case too. The rest of the proof is the same as that of Theorem 17.11 
with M replaced hj k. □ 

We record the above discussion as 

Theorem 7.3. The genus number of a compact simply connected Lie group or a simply connected 
algebraic group over an algebraically closed field, of type F4 is 17. 



8 G2 

Definition. Let <t denote the octonion division algebra over M. Then Aut{€) is the compact connected 
Lie group of type 6*2 ■ 

Conjugacy classes of centralizers in anisotropic forms of G2 have been explicitly calculated in [S]. 
Here we count the number of such classes using a different technique. Consider a maximal torus 
T C 6*2- Then T sits inside a copy of SU{3) C G2- If C C be a quadratic extension of M, then 
Aut{€./K) = SU{3), where Aut{(t/K) is the group of automorphisms of (t fixing K point wise. The 
Weyl group of G2 is WG2 = WSU{3) x ^2, note that ^2 = Out{SU{3)). Let us consider the diagonal 
maximal torus T in SU{3) i.e. the one consisting of all diagonal matrices t = (zi, 2:2, ,23), Zi G 5*^ and 
= 1. The action of WG2 on T is given by 

{a, I3){zi, Z2, Z3) = il3z^-^i), l3z^-^2), l3za-^3)), 

where a G 5*3 , /3 G 6*2 and /3{zi) = ~i for /3 7^ 1 G 5*2. With this action, we now consider the various 
possibilities for an element diag{zi, Z2, Z3) G SU{3) and calculate their stabilizers in WG2. 

(a) If zi^ Z2^ Z3, Zi,then clearly {WG2)t = {I}- 

(b) li zi = Z2 = z^eR then {WG2)t = S3 S2. 

(c) If ^1 = 2:2 = ^3 G C — M then {WG2)t = S3, since Out{SU{3)) acts non trivially. 

(d) If zi = Z2^ Z3,Zi eC-R then {WG2)t = S2 C WSU{3)) as Out{SU{3)) acts non trivially. 

(e) If z\ = Z2 Z3, 2;j G M then {WG2)t = S2 xi S2 as 5*2 leaves this element fixed and 5*2 C WSU{3) 
further acts trivially on it. 

(f) If t = {l,exp{ie),exp{-ie)) with 9 kn for any integer k, then {WG2)t = {(1, 1), (a,/?)} = Z/2, 
where a G 6*3 is the transposition (2 3) and /3 G 5*2 is the transposition (1 2). 

If we consider a connected algebraic group of type G2 over an algebraically closed field k, the semisim- 
ple genus number is the same. In this case, we work with the Zorn matrix model of split octonions and 
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consider k x k (Z € as the diagonal subalgebra. Then Aut{€.)/{k x k) = SL{3.) Consider the diagonal 
maximal torus T :— {diag{ai, a2, a^) G SL{3)\aia2as = 1} C SL{3), then T is a maximal torus in G2- 
The Weyl group G2 is WG2 = WSL{3) x 82^ S3X S2. The action of WG2 on T is given by 

(a, /3) (01,02,03) = (^aa-i(l)'/^«a-i(2)'^"a-i(3))' 

where a e Ss , /3 E S2 and l3{ai) = l/ui ior /3 ^ 1 e S2. The conjugacy classes of isotropy subgroups of 
WG2 are as listed below: (the arguments being same as the previous ones.) 

(a) If oi 7^ 02 7^ ^3,0^ 7^ 1, —1 and Oj 7^ l/oj for i 7^ j, then (VFG2)t = {1} 

(b) If Oi = 1 for all i, with , Wt = {WG2). 

(c) If Oj = a; for all i, where a; is a cube root of unity other than 1, {WG2)t = S3. 

(d) If oi = 02 7^ 03 with oi 7^ 1, -1, {WG2)t = S2. 

(e) If oi = 02 = 1 = -03 then {WG2)t = -S'2 xi 5'2. 

(f) If oi = 1,02 = 1/03 with 02 ^ 1, -1 then {WG2)t = {(1, 1), {a,P)} = Z/2, where a e ,^3 is the 
transposition (2 3) and /3 G 6*2 is the transposition (1 2). 

The preceding discussion is recorded as, 

Theorem 8.1. The genus number of a compact simply connected Lie group or a simply connected 
algebraic group over an algebraically closed field, of type G2 is 6. 



We now tabulate the results obtained so far: 



Group 


Weyl group 


Stabilizers 


Genus Number 




'S'n+l 


Sni---Sni,, where ni + ...n^ = n + 1 


p{n + 1) 




(Z/2)" X Sn 


(((Z/2)*-i X Si) X ((Z/2)"i-* X 
Sn^-i)) X S'nj X ... X Sni^ , where, 
ni + ... + Uk = n 


Er=o(^+iM"-o 




(Z/2)" X Sr, 


(((Z/2)* X Si) X ((Z/2)'*i-' X 
S'ni-i)) X Sn2 X ... X Sn^, where 
TT-i + ...nfc = n 


Er=o([V2] + l)p(n-i) 


Dn, n odd 


(Z/2)"-l X Sn 


(((Z/2)*-i X Si) X (Z/2)"i-^-i X 
S'n^-i)) X Sn2 X ... X where ni + 
... + nfc = n 


Er=o([V2] + i);>(n - i) 


Dn, n — 2k 


(Z/2)"-l >^ Sn 


(((Z/2)*-i X 5i) X ((Z/2)'^i-'-i X 
Sni-i) X S'n2 X ... X Sni, wherc ni + 
... + ni = n with at least one Ui odd 
and H{2ki) x £'2^2 x ... x 52^^, where 
fci + .-. + ^s = and H(2k\) is a sub- 
group of order (2fe)! not conjugate to 


T.um\+mn-i))+p{k) 




((Z/2)3 X 54) X S3 


As noted in Section 7 


17 


G2 


S3XS2 


As noted in Section 8 


6 
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9 Computations for the Lie algebras 

If G be a compact connected Lie group (or a connected reductive algebraic group over an algebraically 
closed field) with the Lie algebra denoted by g, the orbit structure of the action of Ada on q can be 
neatly described in terms of the action of WG on the Cartan subalgebra t C g. In this section we 
calculate the conjugacy classes of isotropy subgroups of WG with respect to its action on t. We begin 
with the following basic result ; 

Lemma 9.1. With respect to the action, Ad : G — > Aut{Q) defined by g ^ Adg, where Adg{x) = gxg^^, 
(having embedded G in a suitable GLn) there is a bisection between the conjugacy classes of centralizers 
of semisimple elements in q in G and the conjugacy classes of centralizers of elements of a Cartan 
subalgebra in WG. 

Proof. Consider the map [G^.] i— )■ [l^Gj;.], where a; G t. To show this map a bijection we follow exactly 
the same line of argument as in Theorems 12.11 and I2.2[ □ 

For determining the stabilizers in the Weyl group we follow the same line of argument as in the case 
of groups in the previous sections. 

9.1 An 

When G is the Lie group SU{n+l), the corresponding Lie algebra su(n+l) is the set of all (n+1) x (n+1) 
trace zero skew-hermitian matrices, while for G = SL{n + 1), q consists of all trace zero (n + 1) x (n + 1) 
matrices. The Cartan subalgebra in the above cases are given by: 

t = {(aii, ...,a„+i2) G M„(C)|ai + ... + a^+i = 0} C su(n + 1) 

and, 

t = {(ai,...,a„,+i) G M„(A;)|ai + ... + a„+i = 0} C sl{n + 1). 

We have WG = Sn+i and it acts on t by permuting the entries in both cases. Hence by the argument 
followed in Section 3, we see that the number of conjugacy classes of isotropy subgroups is p{n + 1). 
The subgroups are of the form Sni-.-Sn,, for a partition (ni, of (n + 1). 

9.2 Bn 

For the Lie algebra of type the Cartan subalgebra t consists of all block diagonal matrices of the 
form {Ai, ...,An,0), where 

r a,- 
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is the i—th block with Oj e M. And for over an algebraically closed field k the Cartan subalgebra 
consists of all diagonal matrices of the form (oi, a„, — Oi, — a„, 0), where a, e k. So in either 
situation we note that the elements of the Cartan subalgebra can be parametrized by the n-tuples 
(ai,...,a„) with aj G k. The Weyl group W — (Z/2)" M acts on t by permuting the elements , 
followed by a change of sign. 

Let {rii, rifc) be a partition of n such that rii denotes the number of O'S and rii for i 7^ 1 denotes the 
number of equal parameters. For such an element the isotropy subgroup is ((Z/2)"i~^ >^ S^) x Sn^ x 
... X Sni^ by an argument similar to one seen in §4. Hence the number of isotropy classes is 

n 

^p(n-i). 

i=0 

9.3 Cn 

The Cartan subalgebra t consists of all diagonal matrices of the form (ai, a„, — ai, .... — a„) with 
Oj G k. The Weyl group being the same as that of Bn, we have the same number of isotropy classes in 
this case also,i.e 

n 

^p(n-i) 

i=0 



9.4 Dn 

Here the Cartan subalgebra is same as that of B^ and the Weyl group W — (Z/2)"~^ x Sn acts on t by 
permuting the parameters and changing the signs of an even number of them. 

If n is odd, then for a partition (ni, n^) of n, where n'-s are as in Section 9.2, the isotropy subgroup 
of the Weyl group is ((Z/2)'*i~^ x x x ... x and hence the total number of isotropy classes 
is 

n 

^p(n-i). 

i=0 

However ii n — 2A;,then if at least one zero occurs as one of the parameters of t G t, then the isotropy 
subgroup is obtained as above. But if no zero occurs i.e rii — 0, then for each partition of n containing 
only even integers we have a isotropy subgroup not conjugate to any one of the above, as we have seen 
in the group case (see §6.). Thus the total number of isotropy classes for n = 2A; is 

n 

^^p{n — i) + p{k). 

i=0 
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9.5 G2 

In this case, we consider a subalgebra 5u(3) (over reals) or st(3) (over an algebraically close field k) 
inside 02 and a Cartan subalgebra of 02 embeds in one such subalgebra. Hence, each element of the 
Cartan subalgebra can be considered as all tuples (oi, 02, 03), G k, such that ai + 02 + 03 = 0. The 
Weyl group WG2 = >i S2 (see section 9) acts on these tuples as, 

(a, /3)(ai, a2, 03) = (/3aa-i(i), /3aQ,-i(2), /3aQ,-i(3)), 

where a & S3 , (3 G S2 and /3(ai) = — for /3 7^ 1 G 52. Thus we have the following possibilities: 

(a) If t = (0, 0, 0) then clearly, {WG2)t = WG2. 

(b) If t = (a, a, —2a) then (WG2)t = S2 C WSL{3) since the other S'2 factor acts non trivially. 

(c) If t = (a, b, —a — h) with a^h ^ —{a + 6), then clearly, {WG2)t = {I}- 

(d) If t = (0,a,-a) with a ^ then (iyG2)t = {(1, 1), (a, /?)} ^ Z/2, where a = (2 3) G ^3 and 
/9 = (1 2) G 52. 

9.6 F4 

Here we will use the notations used in Section 7. We work with the basis of C i.e {vi,...,Vs} as in 
Section 7. We reorder this basis as ei = f 1, 62 = f2, 63 = ^3, 64 = ^4, 65 = fg, eg = fy, 67 = fe, eg = so 
that with respect to the new ordered basis {ei, ...,es}, the matrix of the bilinear form associated with 
the norm (see section 8) of € becomes 

/" 

/ ■ 

Also, the Cartan subalgebra of so{N) is in the diagonal form with respect to the above bilinear form, i.e. 
t C so{N) will consist of all diagonal matrices of the form ( G k. Henceforth we 

shall parametrize this diagonal matrix as (ai, 02, 03, 04), ctj G k. The Cartan subalgebra of is contained 
in a copy of the Lie algebra of Spin{N), i.e. spin(A^) = L{RT{e)), where L{RT{€)) = {(^1,^2,^3) e 
so{SY\ti{xy) = t2{x)y + xt3{y),x,y G C}. It is known that 5o{N) is generated as a vector space by ta^b, 
a,b E d; ta^ is defined as tafi{x) = {x, a)b — {x, b)a ioi x G €. where (, ) is the bilinear form of the norm 
N ([SV], Chapter 3). 

If h = tafi, then t2 = l/2{lbla - Uk) and = l/2{nra - TaV-^) satisfy the property, 

ti{xy) = t2{x)y + xt2.{y). (9.6.1) 

Also note that if (ti,t2,i^3) and (51,52,53) are related triples (in the Lie algebra sense) then so is 
{ti + si, ^2 + 52, ^3 + 53). With this, we can now carry out the computation. 

Let ti = (oi, 02, ^3, 04). Then by a direct computation using the multiplication table for the basis {vi} 
in Section 8 and (19.6. ip . one can show that ti = X]^=i ^i^i.j/i' where Xi,yi are given by Xi = ai{ei + 64-) 
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and yi = {ci — e4+j)/2. Using this, the above formulas for t2 and ^3 and the multiphcation table for the 
v'-s (see section 8), we get, 

^1 = (cti, 0.2, 0,3, 04) 

h = {{ai + a2 + «3 - ct4)/2, (fli + 02 - as + 04)72, 
(ai - 02 + as + 04)72, (-ai + 02 + as + 04)72) 
h = ((oi - 02 - as + 04)72, (-ai + 02 - 03 + 04)72, 
(-ai - a2 + as + 04)72, (ai + a2 + as + 04)72) 

Also note that if t = (ai, 02, as, 04) then £ = (— ai, 02? 03? 0-4)- This is evident from the fact that Ci = 65 
and Cj = — Cj whenever i 7^ 1, 5 and the definition of i i.e. i{x) = t{x), x G C We refer to the above set 
of equations by (A). Recall that the Weyl group of is W ^ WSpin{N) x S3 = ((^72)^ x ^4) x ^3 
and the action of W on Li?T(C) is given by ( 17.0. ip . 

We now calculate the stabilizers of elements of L(i?T((t)) in W, the arguments being similar to those 
for the group F4. 

(1) By (A), 

tl=t2=ts = 

Then clearly Wt = WF^. 

(2) If 

= (0,0,0,04), then by (A), 

t2 = (—0472,0472,0472,0472) 
^3 = (0472,0472,0472,0472) 

Here we observe that only ti fixes t since ^2,^3 do not have as a parameter, no other element from 
5*3 = Out{Spin{N)) can contribute to the isotropy (seeEOIID- Thus Wt = ((^72)^ xi S3) x {l,ri}. 

(3) If ti = (0,0,03,0s), then by (A), 

h = t2 = ts = (0,0,03,03) 
Therefore, ti = 4 = 4- Hence all of ^3 = Out{Spin{N)) fixes t (seeEOl]). Therefore, Wt = {{Z/2 x 

^2) X ^2) X ^3 

(4) If ti = (0, 0, 03, 04), then by (A) 

t2=t3 = ((os - 04)72, (04 - 03)72, (03 + 04)72, (os + 04)72). 

We have, Wt = {1^/2 x S2) x {1, ri}, because apart from ri any other element of 5*3 sends ^2 or ts to the 
first position (see 17.0.11) and hence they cannot fix t. 
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(5) If ti = (0, 02, 02, 02), then by (A), 

t2 = 4= (02/2,02/2,02/2,02/2). 

Since t2 = ts, only ri G S'3 appears in the isotropy subgroup (see I7.0.11) . Therefore, Wt = S3 yi {l,ri}. 

(6) If ti = (0, 02, 02, 04), then by (A), 

t2 = {3 = ((2o2 - 04)/2, 04/2, 04/2, (202 + 04)/2). 

We have, VF* = 6*2 x {1, ti} if 2o2 7^ 04 and if 04 = 2o2 then ti = t2 = ^3 and S'3 will clearly fixes t (see 
[mH). Hence 1^^ = ^2 x ^s- 

(7) If ti = (0,02,03,04), then by (A), 

t2 = ((0-2 + as - a4)/2, (02 - 03 + 04)/2, (-02 + 03 + 04)/2, (02 + 03 + 04)/2) 
h = h 

If t2, h does not contain as a parameter, then Wt = {1, ti} C 5*3 since any other element of S'3 removes 
ti from the first position of the related triple by 17.0.11 Otherwise, let 02 + 03 — 04 = 0, then by (A), 
ti = t2 = ^3 and therefore, S3 stabilizes t. In this case, Wt = {1} x S3. For the other three possibilities 
the related triple can be made Weyl group equivalent to the latter by a suitable permutation of 02,03,04. 

(8) If ti = (oi, Oi, 03, 04), then by (A), 

t2 = ((20i + O3 - 04)/2, (20i - O3 + 04)/2, (03 + 04)/2, (03 + 04)/2) 

ts = ((-03 + 04)/2, (-03 + 04)/2, (-2oi + 03 + 04)/2, (2oi + 03 + 04)/2) 
We have Wt = S2 C WSpin{N), since every element of S'3 other than 1, acts non trivially on t (see 

(9) If ti = (oi, Oi, oi, 04), then by (A) 

h = ((3oi - 04)/2, (oi + 04)/2, (oi + 04)/2, (oi + 04)/2) 

= ((-Oi + 04)/2, (-O1 + 04)/2, (-O1 + 04)/2, (30i + 04)/2). 

We have, Wt = S3 C Spin{N) because oi 7^ 04 and hence only elements from WSpin{N) fixes t (see 

[mj. 

(10) If ti = (oi, 02, 03, 04), then by (A), 

h = ((oi + 02 + 03 — 04)/2, (oi + 02 — 03 + 04)/2, 

(Oi - O2 + O3 + 04)/2, (-O1 + O2 + O3 + 04)/2) 

^3 = ((O-I — O2 — O3 + 04)/2, ( — 01 + O2 — O3 + 04)/2, 

(-O1 - O2 + O3 + 04)/2, (Oi + O2 + O3 + 04)/2) 



On the Genus number of Algebraic groups 



35 



Here, the isotropy subgroup is trivial if none of the t'^s contain as parameter, because in that case all 
non trivial elements of act non trivially on (^1,^2)^3) (see 17. O.I]) . 

Hence there are 12 conjugacy classes of isotropy subgroups in the Weyl group. 

We conclude this section by collecting the results for Lie algebras in the following table: 



Lie algebra 


Weyl group 


Stabilizers 


number of orbit types 


An 




Sni---Snk for a partition rii, 
of n + 1 


p{n + 1) 


Bn 


{Z/2Y X Sn 


((Z/2)"^-ix5„Jx5„,x...x5„, 


E*=o pi'^ - 


Cn 


(Z/2)« X Sn 


((Z/2)"i X Sn,) X Sn, X ... X Sn, 


Er=o pi'^ - 


D.J.OT nodd 


(Z/2)«-i X Sn 


((Z/2)"i-ix5„Jx5„,x...x5„,^, 




Dn for n = 2k 


(Z/2)"-i X Sn 


((Z/2)"^-ix5„Jx5„,x...xS„,, 
and for each partition ki, ..,ks of 
k, if2fei-5'2fc2---'S'2fc,, where H2k, is a 
subgroup of order (2/ci)! not con- 
jugate to S2ki- 




G2 


S3 X 5*2 


refer to the discussion above 


4 


Fa 


((Z/2)3 X S4) X 

^3 


refer to the discussion above 
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